Abstract. We find, classify and count the (classes of) periodic orbits on an equilateral triangle. A periodic orbit is either prime or some d-fold iterate thereof. We prove that Fagnano's period 3 orbit is the only periodic orbit with odd period. We introduce a new type of integer partition and use it to count periodic orbits. Let µ denote the Möbius function. We prove that for each n ∈ N,
Introduction
A ball in motion on a flat frictionless triangular billiards table bounces about along a path completely determined by its initial position, angle and speed. When the ball strikes a bumper at any point other than a vertex, we assume that the angle of incidence equals the angle of reflection. An orbit is any path of the ball; an orbit that strikes a vertex is terminal and terminates at that vertex; an orbit that retraces itself after n bounces is periodic with period n; all other orbits are infinite. If we observe the motion over a long period of time, we can ignore the speed and begin our observations at the point of the first bounce.
In this paper we give a complete answer to the following "billiards problem:" Find, classify and count the (classes of ) periodic orbits of a given period on an equilateral triangle. Existence results on surfaces with various boundary curves were compiled by Tabachnikov in [5] , e.g., every non-obtuse and certain obtuse triangles admit periodic orbits. However, existence on general obtuse triangles remains open [2] , [3] , [6] . The first examples of periodic orbits were discovered by Fagnano in 1745 (see Section 2); much later in 1986, Masur [3] proved that every rational polygon (whose interior angles are rational multiples of π) admits infinitely many periodic orbits with distinct periods, but he neither constructs nor classifies them.
The paper is organized as follows: In Section 2 we review Fagnano's period 3 orbit on the equilateral triangle and relate it to a family of period 6 orbits. In Section 3 we use reflections to represent orbits as line segments and prove that Fagnano's period 3 is the only orbit with odd period. In Section 4 we use the equilateral tessellation of the plane to define a rhombic system of coordinates and use it to study orbits of period 2n. In Section 5 we apply techniques from combinatorics and number theory to show that for n ∈ N, exactly O(n) = ⌊
Fagnano's Period 3 Orbit
The simplest periodic orbit is Fagnano's period 3 "orthoptic" orbit. Begin from the midpoint of a side with an initial angle of 60
• from that side (see Figure 1 ). Since the path is always parallel to some side, it strikes each side at its midpoint with an angle of incidence of 60
• . The inscribed equilateral triangle determined by these midpoints is Fagnano's period 3. On the other hand, if the initial point is not a midpoint, the orbit remains parallel to some side and by symmetry returns to its initial state after 6 bounces (see Figure  2 ). This gives an uncountable family of period 6 orbits. 
Orbits as Line Segments
Reflecting a triangle in one of its sides enables us to represent an orbit as a line segment (see Figure 3 ). Since the ball tracing a periodic orbit eventually returns to its initial state, a line segment from the initial point P to its reflected image P ′ is an "unfolded" periodic orbit whenever the edge containing P ′ is parallel to the initial edge. To demonstrate this, we display the unfolded period 6 and 10 in With the exception of the orthoptic orbit, the converse is also true. However, if we iterate the orthoptic orbit arriving at P ′ after six reflections, the edge containing P ′ is parallel to the initial edge. The symmetry of the equilateral triangle allows us to tessellate the plane by reflecting in its edges and their images (see Figure 5 ). In fact, equilateral triangles are the only triangles with this property. We are interested in the lines in an equilateral tessellation and not the triangles themselves; these lines are either horizontal, left-leaning or right-leaning. Two non-parallel lines of a tessellation intersect in a vertex ; adjacent vertices are joined by an edge. A line segment P Q drawn on the equilateral tessellation represents an orbit on the equilateral triangle. Definition 1. Let Γ = P Q be the representation of an orbit with P and Q on edges p and q, respectively. Then q lies in the bounce circle centered at P of radius n if 1 Γ intersects exactly n lines excluding p. Edge p is the bounce circle centered at P of radius 0; the complement of p in the line that contains it is the bounce circle centered at P of radius ∞. Clearly, every edge lies in exactly one bounce circle centered at P and every horizontal edge is contained in a bounce circle with even or infinite radius. Note that bounce circles with odd radius are composed entirely of left-and right-leaning edges. We can now prove: Theorem 1. The orthoptic orbit is the unique orbit with odd period.
Proof. If Γ = P Q is the representation of an odd periodic orbit, then P lies on a horizontal edge p and Q lies on edge q in some bounce circle of odd radius (see Figure 7 ). Let θ be the angle between Γ and p; let α be the angle between Γ and q. Since Γ is periodic, θ = α. But q cannot be on a right-leaning edge, for if so, θ = α = 30
• in which case Γ fails to intersect any right-leaning components of odd bounce circles (see Figure 8) . Thus q is a left-leaning edge and θ = α = 60
• . But Fagnano's construction shows that θ = 60
• yields orbits of period 3 or 6. Since the orthoptic orbit is so very special, we henceforth view it as a "degenerate" period 6 and include it in the class of period 6 orbits. Then in every case, an orbit P Q is periodic if and only if P and Q lie on distinct parallels of the tessellation, Q is the image of P under reflection and P Q contains no vertices of the tessellation. It follows that every periodic orbit has period 2n for some n.
Note that reflections in lines of the tessellation preserve periodic orbits. Furthermore, a translation of a periodic orbit P Q that contains no vertices is a periodic orbit with the same period, geometric length and bounce angles as P Q. This leads to the following equivalence relation on the set of all periodic orbits: Definition 2. Given a periodic orbit P Q, let U = reflections of P Q in some line of the tessellation .
Periodic orbits P Q and RS are equivalent if either RS ∈ U or RS is a translation of some XY ∈ U.
Now if P Q is periodic and P QY X is a parallelogram such that XY contains a vertex V of the tessellation, then XV is terminal. Since the number of vertices V is countable, the equivalence class of P Q is uncountable. In the next section we establish an analytical structure under which each equivalence class has a unique representative in a convenient "fundamental region" (c.f. Proposition 1).
Rhombic Coordinates
Of course, "direction" is irrelevant since reversing the direction of the ball produces the same periodic orbit P Q. Nevertheless, expressing this representation as the vector − − → P Q allows us to take advantage of the rhombic coordinate system that arises naturally from the tessellation: Let the origin be the initial point P , let the x-axis be the horizontal line containing P , let the y-axis be parallel to the right-leaning lines and choose the unit to be the length of an edge (see Figure 9 ). We have the following change of basis matrices:
Euclidean to Rhombic
Henceforth, all ordered pairs represent vectors in the rhombic basis. For Γ = (x, y) , y > 0, the geometric length Γ and initial angle θ are given by the formulas
There is a surprisingly simple way to determine if a given vector (x, y) represents a periodic orbit. Note that the images of the initial side of the fundamental triangle when reflected in lines of the tessellation produce the hexagonal tessellation illustrated in Figure 10 . If Γ is a vector representation of a periodic orbit, its period is the number of lines in the tessellation that intersect Γ. If Γ has period n, its terminus lies on the bounce circle of radius n, as expected, but it is surprisingly easy to calculate n. 
Proof. We derive the formula in each case:
Let Γ be a periodic orbit from one horizontal edge to another. Construct a rhombic covering of Γ, i.e., a covering by rhombuses with pairwise disjoint interiors, such that the edges of each rhombus lie along right-leaning or horizontal lines of the tessellation (see Figure 12a) . Then a left-leaning line subdivides each rhombus into a pair of equilateral triangles. Furthermore, by assumption, the orbit Γ passes through either the left or bottom side (exclusively) and through either the top or right side (exclusively) of each rhombus. Thus, Γ intersects each left-leaning line that subdivides a rhombus in the covering. Equivalently, whenever Γ crosses a horizontal and right-leaning line, it also crosses a left-leaning line. Let h, r, and l be the number of respective horizontal, right-leaning, and left-leaning lines crossed by Γ. By inspection, h = y and r = x. But l = h + r so that P eriod(x, y) = h + r + l = 2(x + y).
Construct a rhombic covering of Γ with edges on right-leaning and left-leaning lines of the tessellation. Then a horizontal line subdivides each rhombus. Now remove the bottom half of the bottom rhombus and the top half of the top rhombus as shown in Figure 12b . Then by an argument similar to Case (1), Γ crosses a horizontal line whenever it crosses a left-leaning or right-leaning line. Thus h = r+l and P eriod(x, y) = h + r + l = 2y.
Construct a rhombic covering of Γ with edges on left-leaning and horizontal lines of the tessellation. Then a right-leaning line subdivides each rhombus and r = h+l. But x < 0 so r = −x and P eriod(x, y) = h + r + l = −2x. By symmetry, P eriod(x, y) = P eriod(x, −y) when y < 0 and we may restrict our attention to any of the three regions of Theorem 3 or their images when reflected in the x-axis. But we can do better: Proposition 1. Every (not necessarily periodic) orbit on the equilateral triangle has at most three bounce angles, one of which lies in the range 30
Proof. The tessellation consists of three directions, each intersecting the other two at 60
• . Let Γ be an orbit whose angles of incidence with the three directions are α, β and γ (see Figure 13 ). Then Γ is either parallel to one of the three (when α, β or γ is 60
• ) or cuts all three (when α, β or γ is less than 60 • ). In fact, if β = 60
• + α and γ = 60
• − α, either α or γ lies in the closed interval [30
Figure 13: Γ intersects the three lines at angles α, β and γ. Thus we need only consider periodic orbits with initial angles in the range 30
• ≤ θ ≤ 60
• . Such orbits lie in the fundamental region 0 ≤ x ≤ y (see Figure 14) and provide a family of canonical class representatives, i.e., each equivalence class of periodic orbits has a unique representative in the fundamental region. This classifies the periodic orbits on an equilateral triangle. In the discussion that follows below, we enumerate the (classes of) periodic orbits with a given period. Note that the formula P eriod(x, y) = 2(x + y) applies in the fundamental region. 
Counting Periodic Orbits
Two interesting questions arise: (1) Is there a periodic orbit of period 2n for every n? (2) If so, how many orbits of period 2n are there? To address these questions, we make the following (temporary) simplifying assumption: The k-fold iterate of a period n orbit is counted as a period kn orbit.
Question (1) has an easy answer: Obviously there is no period 2 orbit since no triangle has parallel sides. If n = 2k, k ≥ 1, the orbit (k, k) has period 4k = 2n; if n = 2k + 1, k ≥ 1, the orbit (k − 1, k + 2) has period 2 (2k + 1) = 2n.
To illustrate question (2), set n = 11 and consider the period 22 orbits given by (1, 10) and (4, 7) (see Figure 15 ). These orbits are distinct since their geometric lengths given by formula 4.1 are different. Alternatively, one can show that two orbits are distinct by calculating their bounce angles and combining equation 4.2 with Proposition 1. Let ⌊x⌋ denote the greatest integer function. Our discussion below will prove:
This proposition is a special case of the general combinatorial problem that follows our next definition. Proof. Let m ≥ 2 and n ≥ 0 be integers such that a + b = n and a ≡ b (mod m). Then 2a ≡ 2b ≡ n (mod m). We consider 3 cases:
Case 1: Assume m is even and n is odd. Since 2a ≡ n (mod m) implies a contradiction, there are no partitions of n modulo m.
Case 2: Assume m and n are even. 
The sequence {P n = P (m, n)} has the following recursion relations: is a partition of n − 2 modulo m, so a − 1 = a i and b − 1 = b i for some i ∈ {1, 2, . . . , P n−2 } and it follows that P n = P n−2 + χ 0 (n).
Remark 1.
For each m, the sequence {P n = P (m, n)} has initial terms P 0 = 1 and P 1 = 0.
Corollary 2. For each m, the generating function of {P
on the left and replacing
Thus A 0 = χ 0 (0) = 1, A 1 = χ 0 (1) = 0 and A n − A n−2 = χ 0 (n) for all n ≥ 2. By Corollary 1 and Remark 1 with A n = P n for all n ≥ 0, the generating function for {P n } is We are ready to prove Proposition 2.
Proof. We show that O(n) = ⌊ 
and
Note that the termini of all period 2n orbits lie between the same two left-leaning lines of the tessellation (see Figure 16 ). 
Counting Prime Orbits
In this section we refine our counting formula to exclude iterated orbits. Proof.
(1) If x and y are relatively prime, (x, y) is prime by definition. Conversely, suppose (x, y) is prime but 3 ∤ x and 3 ∤ y. Let g = gcd (x, y) . Then 3 ∤ g as well. Since x = gm and y = gn for some m, n ∈ Z, gm ≡ gn (mod 3) so that
is periodic, but (x, y) is prime so g = 1. Thus x and y are relatively prime.
(2) Suppose (x, y) = (3a, 3b) is periodic such that a and b relatively prime with
is not a periodic orbit since a ≡ b (mod 3) so d = 1 and (x, y) is prime. Conversely, suppose (x, y) = (3a, 3b) is prime. Then (a, b) is not periodic and a ≡ b (mod 3). Furthermore, suppose d|a and d|b. Since
We first settle the existence question for prime orbits of period 2n, then we count them. are consecutive integers, gcd(a, b) = 1 and a ≡ b(mod 3). Therefore the orbit is also prime.
If n = 4, the orbit n 2 − 3, n 2 + 3 has periodic 2n. But n 2 + 3 − ( n 2 − 3) = 6, so if n is not a multiple of 3 the two coordinates are relatively prime, and the orbit is prime. If n is a multiple of 3, then for some m ∈ Z, n = 12m so that (2), we see that neither has prime periodic orbits. The case n = 2 is special, however, since (1, 1) is prime periodic.
We shall count prime period 2n orbits by subtracting the number of period 2n iterates from O(n). We begin with a lemma. 
where µ is the Möbius function
We have proved:
Theorem 7. For each n ≥ 2, exactly I (n) period 2n orbits are iterates.
More importantly, we can now count the number of prime period 2n orbits.
Corollary 3. For each n ≥ 2, exactly
period 2n orbits are prime.
Proof. Since every orbit is either prime or an iterate, the number of period 2n prime orbits is
Chart 1 and Graph 1 in Appendix A display some sample values of O, P and I. In summary, our main result (Corollary 3) asserts that for each n ∈ N, an equilateral triangle admits exactly P (n) = d|n µ(d)O (n/d) prime period 2n orbits. This sharpens Theorem 6 since P (n) = 0 if and only if n = 1, 4, 6, 10.
Many open questions remain; we indicate two: (1) Every acute triangle admits a period 6 orbit resembling (0, 3) (this includes the twice iterated period 3) and every isosceles triangle admits a period 4 orbit resembling (1, 1). The reflections that produce the period 10 orbit (4, 1) also produce a period 10 on an acute isosceles triangle (see Figure 4b ). This leads us to ask: To what extent do the results above generalize to acute isosceles triangles? (2) Define OO(n) = n i=1 O(n) and PP(n) = n i=1 P(n). Inspection of graphs suggests that O(n) and P(n) are approximately linear while OO(n) and PP(n) are approximately quadratic. DeTurck asked: Are O(n) and P (n) in some sense derivatives of OO(n) and P P (n)? Furthermore, note that the function QQ(n) = PP(n) OO(n) < 1. Does lim n→∞ QQ(n) exist?
If so, this limit is the fraction of all periodic orbits that are prime. 
